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Unsteady Force on Slender Aircraft
with Free Vortices in Inviscid Flow

T. W. G. de Laat*
Royal Netherlands Military Academy, 4800 PA Breda, The Netherlands

and

R. Coene’
Delft University of Technology, 2629 HS Delft, The Netherlands

Expressions are derived for the force on circular and wing-body contours induced by a vortex pair in a two-
dimensional uniform unsteady inviscid flow, such as arise in the slender-body approximation of an aircraft. Zero-
force curves for the classical vortex pair behind a circular cylinder in oncoming flow are found, and it is shown that
the direction of the force can be upwind as well as downwind. A convenient expression for the force on a contour
in a symmetric flowfield is obtained by conformal mapping, involving only the first- and second-order derivatives
of the required transformation-function. A result of practical interest for free vortices intended to enhance the lift
force of an aircraft is that the force on the crossflow contour induced by vortices with a certain strength generally
decreases when enlarging the width of the contour perpendicular to the direction of that force. So span reduction
increases the lift generated by vortices above the wings. The position of the vortices in relation to the contour is
critical, however, as there are areas that are shown, where the lift caused by the vortices is negative. The force
caused by the symmetric vortex pair on the symmetric contour is independent of the speed of the oncoming flow;
the pressure distribution on the contour, however, does vary with changing speed of the oncoming flow.

Nomenclature

= circle radius

circle radius of the body of the wing-body
configuration

Fy/tpw?2a

force componentin x direction

force componentin y direction

frequency

—1, imaginary unit

pressure

= pressure from the £ pv - v-part

of the Bernoulli equation

pressure from the p(d¢/dt) part

of the Bernoulli equation

radial coordinate

radial coordinate of vortex number 1

wing span

cycle time

time

velocity componentin x direction

of vortex number 1

airspeed

v(x, y) velocity vector in the crossflow plane
velocity componentin y direction

of vortex number 1

= upwash in slender body approach: w =V sin«
real part of complex variable z, x coordinate
imaginary part of complex variable z, y coordinate
= x —yi, complex conjugate of z
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Zi = x, +yi=re’, complex coordinate
of vortex number 1
2y = dz;/dt = u; +v,i, complex velocity
of vortex number 1
o = angle of attack
r = vortex strength
I = strength of vortex number 1
¢ = &+ ni, complex coordinatein ¢ plane
e = complex coordinate of vortex number 1 in {plane
;l/ = (d{/dZ)z:m
¢ = (d*¢/dz?). -,
n = imaginary part of complex coordinate ¢
0 = angular coordinate
0, = angular coordinate of vortex number 1
& = real part of complex coordinate ¢
o = air density
¢ = real part of potential flow function x
X = complex potential flow function, x = ¢ + i
v = stream function, imaginary part of complex

potential flow function x

I. Introduction

HE force on an aircraft from free vortices is important to im-

prove maneuverability (e.g., Ref. 1). The slender-bodyapprox-
imation of an aircraft with free vortices approximately parallel to its
body yields a two-dimensional crossflow field with vortex filaments
(e.g.,Ref.2). The vortices might be formed by strakes,canard wings,
or at the forebody as a result of flow detachment or might be present
from the wake of another aircraft.® This paper is mainly concerned
with vortices generated at strakes, canard wings or at the forebody,
which are intended to generate extra lift force on the wing or body
surface over which they are positioned. We are especially interested
in the effect on the aircraft lift of the vortex position above the
wing-body combination. The position of the vortices is dependent
on the forebody, canard-wing, or strake-positionand width and can
be influenced during the design process. The aerodynamic forces
acting on bodies are routinely calculated these days using computer
codessolvingthe Navier-Stokesequationsfor any geometryin time-
dependent flows (e.g., Ref. 4). However the knowledge of special
inviscid potential flow features of vortices providesinsight, which is
helpfulin the design process of an aircraft or missile when planning
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for strake or forebody vortices to increase the lift on wing or body.
Nowadays fighters making use of these vortices encounter prob-
lems with limit-cycle oscillations accompanied by large side forces
(F-16), cyclic tail loads (F-18 and F-15), and recently a wing drop
problem with the F-18E. Obviously the thorough knowledge of the
features of such flows is important to make proper decisions during
the design process to achieve the required aerodynamic properties.

In the crossflow field obtained by the slender-body approxima-
tion, the free vortex filaments near the contour will, except in some
equilibrium positions as shown by de Laat and Coene,’ have a cer-
tain velocity, which results in a rate of change of impulse in the
two-dimensional crossflow field and thus a force on the contour. It
is assumed that the body is in the center of a fixed coordinate system
and that the body does not move in the cross plane.

In the first section the force acting on a two-dimensional circular
cylinder by a symmetric vortex pair in oncoming flow is discussed.
This force was first calculated by Bickley® using potential flow func-
tions. Sarpkaya’ calculated this force using an extended version of
Lagally’s theorem, which was faster to obtain because one did not
have to go throughthe laboriousintegrationof the unsteady pressure
equations. In the next section the same force is even more simply
obtained using conformal mapping and the generalized theorem of
Routh.? The expression obtained is subsequently applied to a class
of simple wing-body configurations. Zero-force curves, positive and
negative-force areas, and maximum and minimum values of these
flowfields are plotted and evaluated.

Furthermore, expressions are derived for wing-body contours in
flows with nonsymmetrically disposed vortices that can arise either
as a result of disturbances in the flow or by roll or sideslip of the
aircraft.

In the last section the pressure distributionson the contourare de-
composedin the épv -vand pd¢/dt parts of the unsteady Bernoulli
pressure equation to illustrate the contributions of both parts. Es-
pecially the contribution of the pd¢/dt part is interesting, as it is
often omitted and yet it is an essential part in flowfields with free
vortices.

II. Force on Circular Cylinder in Uniform Flow
with Symmetric Free Vortex Pair

We consider the inviscid flowfield as describedin Fig. 1. Because
of the symmetry, there is only a force on the circle parallel to the
x axis. This force is calculated by integration of the unsteady pres-
sure at the circle, which was first reported by Bickley® and Tomotika
and Sugawara.’ The force can be written as

F, = ———cos
b4

. 2

4r? sin’9; — (rl — az/rl)

3 1 K 2
r 4a? sin® 6, +(r1 —az/rl)

_pr?a?

D

where I' is the absolute value of the strength of the vortices, which
haveequal strengthsbutdifferentsigns. This expressionfor the force
generated by the symmetric vortex pair includes the pd¢/dt part
of the pressure equation, which occurs in nonequilibriumpositions.
This expression is of practical use because only the position and
strengthof the vorticesare required. The vortex velocities, which are
more difficult to measure or estimate, are not required to be known.
These vortex velocities are still present in Sarpkaya’s’ expression
of this same force as an extension of Lagally’s theorem. Calculating
the vortex velocities using the Helmholtz theorem and the potential
flow functions and substitutingthem in Sarpkaya’s’ equationfor the
drag again yields Eq. (1). Because of the symmetry of the vortex

1% 3 6,

Fig. 1 Symmetric vortex pair behind a circle in uniform oncom-
ing flow.

=2
Fig.2 Contour plot of the force F, on the cylinder with the flowfield of

Fig. 1 as a function of the position of vortex 1 (x{,y;) with p=1, =10,
and a =1 [from Eq. (3): Fy,,,, = 100/7].

pairs in relation to V, the force is not dependenton V. A contour
plot of the force as a function of the position of vortex 1 is given
in Fig. 2. Bickley® stated that the resultant force is zero when the
flowfield is stationary. This conclusionis right but not complete. We
note from Eq. (1) that the force is zero for cos 8, = 0 or for

+2sin6; =1 — az/rl2 )

which are exactly the equations for the curves on which
Foppl’s equilibrium points are situated (e.g., Refs. 10 and 11).
When the vortex pair is situated on these curves, however, the
force on the circle is zero without imposing the extra condi-
tionI'/V =27r (1 —a?/r})*(1 4+ a*/r}) for zero vortex velocity,
which yields the equilibrium points on the curves (2).

It is clear that in the equilibrium cases (for certain I'/ V') the flow
will exertno force on the cylinderby virtue of d’ Alembert’s paradox
as in these cases we have a two-dimensional inviscid stationary
flowfield. It is new, however, that there is no force on the contour
when the vortex pairis anywhere on the curves [Eq. (2)] independent
of the value of I'/ V, so also when the vortices are moving and the
flowfield is nonstationary. These zero-force curves are the curves
at which the velocities of the mirror vortices, if they were free,
would exactly be suited to continuefulfilling the boundary condition
on the contour. So no forced motion of the mirror vortices, which
ultimately is the “cause” of the force on the contour, is required to
continue meeting the boundary condition. The zero-force curves are
an interesting feature of this flowfield. Furthermore, if 0, is in the
first quadrant of Fig. 2 it is also obvious from Eq. (1), as the other
variables are positive, that F, is positive (in the x direction) when
the vortex pair is outside the zero-force curve, which means drag.
When being between the zero-force curves, the vortex pair exerts
a negative force F, on the cylinder, which means thrust in relation
to the direction of V. The negative force areas are shown in gray in
Fig. 2. The maximum or minimum values at the circle are obtained
from Eq. (1):

lim F, = (pI'*/7a)cos by, lim F, (6, =0) = —(pI"*/7a)
rn—a r—a
(3)
This extreme was given in Roy,'> however, with an erroneous ex-
tra factor 2. The force has a maximum and a minimum value at
6, =0. The absolute value equals F, , = pI'?/mwa. For a certain T
the maximum force thus increases when decreasing the radius a of
the circle. Furthermore, for a — oo the cylindereffectively behaves
as an infinite straight wall as discussed in the Appendix, and the
force tends to zero.

The slender-body approximation of a circular aircraft forebody
or circular missile at an angle of attack with vortices also yields
this two-dimensional crossflow. When a vortex pair is intended to
create a lift force, the vortex pair must be planned to be outside the
zero-forcecurve as closely as possible to the maximum. If the vortex
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a) Trajectory of a symmetric vortex pair
above a circle in upwash (from Ref. 5)
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b) Force on the circle during the trajectory
of Fig. 3a

Fig.3 Trajectory of a symmetric vortex pair round its equilibrium position for I" = 80 N/m2, w = 25 m/s, and the force on the circle (with a = 1) during

three cycles of the vortex trajectory with p =1 kg/m®.

pair were inside the zero-force curve, this would resultin a negative
vortex lift, which is generally not desired. In the two-dimensional
case of a vortex pair behind a cylinder, it would be interesting to
keep the vortex pair within the zero-forceline. It would then yield a
propulsive force. One might speculate on the well-known lowering
of the pressure drag on a cylinder at a Reynolds number when a
certain amount of vorticity is present in the wake of the cylinder
within the zero-force curve.

To get an impression of the magnitude of the vortex force, this
force is calculated during a symmetric motion of the vortex pair
near the equilibrium positions® as shown in Fig. 3a, which is rotated
90 deg with respect to Fig. 1, so we have an upward flow with the
vortices above the circle. The right-hand trajectory of course repre-
sents a counterclockwise motion, whereas the left-hand trajectory
is clockwise. As a result of the symmetry, there is only a force in
y direction. The force, displayed in Fig. 3b, was calculated with
Eq. (1). As the picture is rotated 90 deg, the force is now called F,.
The contributions of the épv -v and pd¢/at parts of the unsteady
pressure equation are both in Eq. (1) and are plotted separately in
Fig. 3b to demonstrate their contributions. The time average of the
force over one period is zero, as it should be. Furthermore the posi-
tions at which the force yields zero obviously are the points in time
when the vortex pair crosses the zero-force curves. In dimensionless
coefficients we have ¢y, = F, /3 pw?2a. For the maximum value of
F, in this example, this yields ¢y, ~0.7.

III. Force of Symmetric Vortex Pair Behind
Symmetric Contour, Using Conformal Mapping

The calculation of the force [Eq. (1)] was done by carrying out
the laborious unsteady pressure integration, which was reported by
Bickley® and Tomotika and Sugawara.” Using Sarpkaya’s’ exten-
sion of Lagally’s theorem and Helmholtz’s theorem to calculate
the vortex velocities, it was easier to derive Eq. (1). We note that
Eq. (1) is valid for a circular contour only. It will be shown that
the force as a function of vortex strength and position on a more
general symmetric contour can be obtained more simply by a gen-
eral conformal mapping with real coefficients,implying ¢ (z) = £ (2).
First the simple case of the Joukowski transformation (Fig. 4) is
considered.

The flowfield in the ¢ plane is a uniform flow with a symmetric
vortex pair, in which a flat plate parallel to the flow does not disturb
the flow. This flow can be simply described. We will use the flowfield
in the ¢ plane as starting point to describe the flowfield in the z
plane by conformal transformation. It is clear that the force on a
contour equals the rate of change of the impulse in the flowfield.
For this symmetric case the impulse of the vortex pair in the ¢ plane
equals 2pT'Im(¢,) (Ref. 13), and because of the symmetry there
is only a force in £ direction, which equals the rate of change of

impulse:
dg
Fe =2pTIm| —

'2a 3 \aq z
ERANE

2 2

Fig. 4 Joukowski transformation (¢ = z+ a2/z) of a symmetric vortex
pair in a uniform flow to a symmetric vortex pair behind a circle in
uniform flow (¢ = £ + ni and z = x + yi).

To calculate the force on the contourin the z plane, we will now use
¢ =1¢(z), and so

d¢ dzy
F,=2pl'l _—— 4
) P m(dzl dt) )

The vortex velocity in the z plane (dz, /dt) is related to the vortex
velocity in the ¢ plane. However, the vortex velocity does not sim-
ply transform with the conformal mapping. It changes according to
the change of path function described by the generalized theorem
of Routh.® Hence the force on the contour from the vortices conse-
quently changes by the transformation. With (d¢ /dz).— ., =¢| and
(d*¢ /dz?), -, =¢| we have

4 (& _Fi_ 1 L
a v"_(dg 2n;—;l)uf‘+4n(;;) ®

Substitutionof Eq. (5) into Eq. (4) and using d¢, /dz, = (d¢ /dz), —,,
yields

dx  Ti 1 r: (¢
F.=2pTIm (—X——’—) 212 |- 2= Re [ L
d¢ 2m¢—¢§ = 27 I

1

The first part is proportional to the imaginary part of the conjugate
vortex velocity in the ¢ plane, which equals zero, and so

FZ -
Fo= 2 Re( Ly ©6)
2 !
1
Now we have an expression for the force on the contour as a re-
sult of the symmetric vortex pair using only the derivatives of the
transformation, applied on the vortex position. Compliance with
the boundary condition on the contour is ensured by the conformal
mapping.



DE LAAT AND COENE

Substitution of the Joukowski transformation ¢ =z+a?/z
(Fig. 4), which yields the contour of a circle with radius a in the z
plane, yields after some simplification

2 z%—az

aT—a)

ra
Fo=—2—Zke
T rl

(M

with r; = |z,|. Substitution of z; = r, ¢! yields Eq. (1), and we have
again the unsteady force (including pd¢ /9t term) of a (moving)
symmetric vortex pair behind a circle with oncoming flow, as a
function of the vortex position.

Any symmetric conformal transformation with real coefficients,
which keeps the vortices symmetric and outside the contour, can be
substitutedinto Eq. (6). Hence we have a result with which we can
calculatethe force on a transformedsymmetric contouras a function
of the first- and second-order derivatives of the mapping function
at the vortex position. Force calculations using this expression are
straightforwardwhen vortex strengths and positionsare known. The
expressioncan be used in aeronauticalapplications,in which mainly
symmetric contours are applied, and with conformal mapping all
kinds of contourscan be obtained. In the next section this expression
is applied for a symmetric vortex pair above a simple wing-body
combination.

IV. Force on Wing-Body Combination with Symmetric
Free Vortex Pair in Upwash

We adapt Eq. (6) for a vortex pair with a vertical impulse:

Fy, = —(oT?/2m)Im[@] [T)E]] (8)

To obtain the flowfield of the vortex pair over a wing-body config-
uration in upflow, we apply a transformation (Fig. 5) as follows:

=+ (¢*)? —4a®
(Brown and Michael'*), ¢* =z + ¢?/z. Elimination of ¢* yields

¢ =Jar =i

©)

i fory ©
o

A I

Fig.5 Conformal mapping for application of Eq. (8) on a simple wing-
body combination in symmetric flow.
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Substitution of Eq. (9) into Eq. (8) yields the force of the flowfield
of the symmetric vortex pair with upwash w on the wing-body

combination:
o [T/ a-o/a
F,=——1Im — 5
N | IRy ) R ey cae
_al3
O R i (10)

Je+e/a) -

Of course, only position and strength of the vortices are required.
Because of the symmetry, the force is independentof w.

In Fig. 6 the force F) is plotted as a function of the vortex po-
sition (x;, y;) for three values of wingspan s =2[a + +/(a*> — ¢?)]
by changing a. The case with ¢ =1 and a =2 is also treated in de
Laat and Coene’ for the equilibrium and motion of the vortices.
Comparing this figure with the curve of equilibrium points given
there, we note that the curves on which the equilibrium points are
located are identical to the plotted zero-force curves, which yield
zero force independentof ' /w. For these wing-body configurations
there are also negative force areas, which are indicated in gray in
Fig. 6. The maximum and minimum values for F, at (x; = ¢, y; =0)
are

eI’

lim F,(y, = 0) = +
xy—c T a? — ¢?

oI’

T/ a? — c?

lim0 Fy(x,=¢)=—

yr—
and at (x; =0, y, =c) we have

lim F,(x, =0) = —pl'*/7a,

lim F,(y; =¢) = +pT? /ma
yI—c¢ x1—0
Thus, when the span {s =2[a + /(a®> — ¢?)]} is increased (increas-
ing a or decreasing ¢) the maximum force decreases. This is anal-
ogous to the case of the circle in which the force decreased with
increasing radius. When the span goes to infinity, the flowfield of a
vortex near an infinite wall (as in the Appendix) is approximated,
and the force will go to zero. We can conclude that the force in-
duced by vortices on a contour will generally decrease when en-
larging the width of the contour perpendicular to the direction of
that force. This is relevant to the effect of vortices, which are in-
tended to contribute to the lift force of an aircraft. It means that
a vortex with a certain strength above a wing or body and par-
allel to the aircraft longitudinal axis in a slender-body approxi-
mation in crossflow produces more lift when the span or body
width is reduced. The position of the vortex over the wing or
body is delicate, however, as there are positions where the vor-
tex force is negative and thus acts in the direction opposite to the
lift force.

Z1 4 0_ 1

0 1 2 3
Fy(x1,y1) fora=1.1,and so s/2 = 1.56

2
Fy(x1,y1) for a =2, and so s/2 = 3.73

I 0 1 2 3 w4
Fy(x1,y1) for a =100, and so s/2 = 200

Fig. 6 Force Fy as a function of the vortex position (x1, y1) for the flowfield of Fig. 5 in the z plane for p=1 and I'=10 with ¢ = 1 and, respectively,

a=1.1,a=2,and a =100.
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V. Force on Wing-Body Combination by a (Not
Necessarily Symmetric) Vortex Pair

An asymmetric vortex pair above a wing-body configuration
arises from the slender-body approximation of an aeroplane with
asymmetric vortices over the wing coming from the forebody,
strakes, or canard surfaces, at an angle of attack with a uniform ve-
locity. These flowfields were studied by Sacks'> and Sacks et al.,'
however, without evaluating the pd¢/dt part. To investigate these
flows, we use conformal mapping to transform the circle into a
simple wing-body combination (Fig. 7) by combining two transfor-
mations as follows:

¢t =¢+a/, =4z

Elimination of ¢* and expressing ¢ in z yields
¢ =Ltz +fz+ @+ /)P - 4a?] (11)

The force exerted on a stationary body by an unsteady flow is
calculated with the unsteady version of Blasius’s theorem'’:

p ) d
F.+iF, = =) dz—ip— dz 12
+i (dz) z l,oatfx z (12)

The 1 5pv-v and pd¢/dt parts of Eq. (12) w111 now be evaluated
separately. Because the force caused by the < s pv-v part follows
from the velocities of the free outer vortices as shown by Sarpkaya,’
extending Lagally’s theorem, we have

. d .
Fx 3pv- L+lF :%Ov/‘(d_z) _gdf—lp(rzzz I'zy)
(13)

The pd¢/dt pressure part

. 8 dx
F\'-PB(P/BI + lF}'.pB(b/BI = - at ([Xz]u)ntour + f Z d_Z dZ) (14)

has to be calculated, however. The first term on the right-hand side
of Eq. (14) equals zero as the potential is continuouson the contour.
Rewriting Eq. (14) for integration in the ¢ plane, substituting the
inverse of transformation (11) and the potential flow function (x )
of the flowfield around the circle (¢ plane in Fig. 7)

I (62

2 E—=4
[0 =0 . 112)

bl /) —wifc - = 15
2 Q—wm) W( ; ()

and subsequently evaluating the residues of the singularitiesinside
the circle to calculate the integrals, we obtain

X({’;h;Z) =

Fi pagjor +1Fy pogror =

r 9 az_}_la2

L A

TS

por | L1 +
= —+=-=—-=

P o 2T b2

A A

Fig.7 Transformation of the nonsymmetric flowfield round a circle to
the flowfield of a wing-body combination.

Substitution of ¢ =0 yields the pd¢/dt part of the force on the
flat plate derived by Sarpkaya.!” Substitution of the transformation
(11) and execution of the differentiations yields for the force from
integration of the pd¢ /dt part of the pressure:

112 d;l dEl -
F, ossos FiFy vasr = plii| = =2, — [ 1 — =]z
X.pdp /0t y.pd¢ /0t rly |: ldelZl &z, 21

_ aZ d;Z . _ dEZ K
,Ol—‘zl|:§_22 dz (1 dZZ)Zz} (1o

Addition of the $pv - v part (13) and pd¢/dt part (16) of the
pressure integral yields for the total force:

. _ . _a_2d§1 . _dEl -
rvir, = o (3 o i)+ (-8 )]
. 2d§2 dgz -
+,ol"zl|:(1 §'22d ) +(1 d22)22i| 17

The vortex velocities are easily determined with the potential
flow function and transformation using the generalized theorem of
Routh.? The force [Eq. (17)] during the motion of a vortex around
its equilibrium position is plotted in Fig. 8. Vortex 2 is very near
its equilibrium position. Vortex 1 is displaced from its equilibrium
position and therefore describes a nearly periodic trajectory, coun-
terclockwise as described in de Laat and Coene.’ For symmetric
cases not shown here, the forces calculated with Eq. (10) obviously
are the same as those of Eq. (17). We would like to point out that
in Fig. 8b the side force is larger than the lift force. This is clearly
related to the width of the contour perpendicular to x (height) be-
ing smaller than the width perpendicular to y (span). In Figs. 8c
and 8d the side force and lift force are shown together with the
separate contributionsof the épv -vand pd¢/dt parts to the result-
ing total force. These examples demonstrate the importance of the
pd¢ /0t contributionto the pressureforce on a contourin flows with
vortices.

VI. Pressure Distribution

To get a better understandingof the force on the contour, we will
now investigate the pressure distributionsfor the cases of the vortex
pair positioned behind a circle in uniform flow and the vortex pair
above the simple wing-body combination. Therefore the spanwise
contributionsofthe %pv -vand pd¢/dt partof the unsteadypressure
will be evaluated. In the Appendix the pressure distribution on a
straightinfinite wall of the flowfield of a single vortex and a uniform
parallel flow along that wall is given. We see there that there is a
certain resultant pressure distribution, which is independent of V
and that the integral of the pressure on the wall equals zero, so that
there is no resultantforce on the wall. For the finite contours treated
here we know from the preceding sections that the forces for the
symmetric flowfields are independentof the strength of the uniform
flow (V or w). The pressure distributions, however, will be shown
to vary.

A. Pressure Distribution for the Symmetric Vortex Pair
Near the Circle

To investigate the pressure distribution, a computer plot of the
pressure on the circle of the flowfield of the vortex pair near the
circle, described in the first section but rotated over 90 deg, will
be made. The complex potential flow function at the contour will be
used to calculatethe %pv - v part. As on the contour, the streamfunc-
tion ¥ equals zero; the d¢ /3t part can be replaced by 9 x /dt. The
rate of change of the potential functionis caused by the displacement
of the vortices, and so we have

99 ox _ x 0z . dx 0z
3 _ % _xi % (18)
or o1 9z o1 | 0% ot
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a) Asymmetric vortex trajectory (from Ref. 5)
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of Fig. 8a
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Fig.8 Asymmetric vortex trajectory of a vortex pair above a wing-body combination and the lift and side forces during the vortex motion for a = 2,

c=1,w=25T1=1,=25andp=1.

The required vortex velocity dz, /dt =u, 4 v,i is obtained with
Helmholtz’s theorem, using the complex conjugate of dy /dz.
Substitution of the vortex velocity and the derivatives dx /dz, and
dx/0z, into Eq. (18) yields the pd¢/dt part of the pressure on the
contour.

In Fig. 9a the pressure difference between the upper and lower
side caused by the vortex pair in its equilibriumis plotted. Because
the vortices are accurately placed in their equilibrium positions,
their velocity is zero, and the flowfield is stationary; thus, there is
no contribution to the pressure distribution from the pd¢ /3t part.
The épv -v part does give a pressure distribution, as can be seen
in Fig. 9a. Numerical integration of this pressure distributionyields
zero, which is in accordancewith d’Alembert’s paradox and Eq. (1).
In Figs. 9b and 9c the flowfields are plotted with the same parame-
ters as Fig. 9a, but now for casesin which the vortices are not in their
equilibrium positions but slightly displaced to respectively the neg-
ative and positive side of the zero-force curve (see Fig. 2). In these
cases there is a contribution of the pd¢/dt part. In Fig. 9b it coun-
teracts the % pv - v part, and in Fig. 9c it works in the same direction.
In Fig. 9d the same vortex configuration is shown as in Fig. 9¢ but
now when thereis no upwash (w = 0). The pressuredistributionsare
quite different, but the resulting force is the same, which we already
knew from Eq. (1). When w equals zero, the pd¢/dt part, and the
% pv - v part of the pressure equation has opposite signs everywhere
on the surface. The two parts of the pressure equation counteract.
When the radius of the circle tends to infinity, we have again the
vortices near an infinite straight wall as in the Appendix, and the
force tends to zero.

B. Pressure Distribution for the Vortex Pair Above
the Wing-Body Combination

The pressure distribution on the contour of the wing-body com-
bination (Fig. 7) is investigated in the same way as the circle, by
separately calculating the contributionsof %pv -vand pd¢/dt. The
%pv - v part is determined from the potential flow function (15) and
transformation (11) by u — vi = (8 x /d¢)(d¢ /dz). For the pd¢ /at
part we again use the fact that at the contour the streamfunction
¥ equals zero, and thus dx /3t = d¢/dt. The partial differentiation
now has the form

ax _ 0x dg 9z dx d&i 9%,

gt 3¢ dzy ot pr, dz, ot
dx 96 95 | dx dg 32, (19)
8{2 dZ2 at 852 d?z at

The vortex velocities (dz; /d¢, dz, /dt, dz, /dt, dz, /dt) are calcu-
lated with Eq. (5) using the equationsin the ¢ plane and the trans-
formation. Substitution of the derivatives of Egs. (15) and (11) and
the vortex velocitiesinto Eq. (19) yields the pd¢ /3t contributionto
the surface pressure.

In Fig. 10 the pressure differences between upper and lower side
are plotted for three values of w ata certainI' =I"; = —TI',. The vor-
tices are positionedin an arbitrary place above the wing. The é pv-v
and pd¢/dt contributionsare shown separately to demonstrate that
at a large value of w the é pv-v contribution is negative but that
the pd¢ /0t in this example is positive. At low values of w, the
opposite is the case. In this symmetrical flow the resulting force is
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Fig.9 Pressure difference between upper and lower side for a =1, p =1, I'= 80 with the vortices in their equilibrium positions, in the negative force

area and positive force area for w =25 and w =0.
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Fig. 10 Pressure difference between upper and lower side of a wing-body configuration with a symmetric vortex pair, for a=2, c=1, p=1,
I't=-T1,=80,x; =2.0,y; =0.5,x; = — 2.0, y, =0.5, and, respectively, w = 0, 25, and 50.

independentof the value of w, as was already known from Eq. (10),
but the pressure distributions vary substantially for different val-
ues of w. In the limit with a tending to infinity and ¢ equaling
zero (span tends to infinity), the total force will tend to zero as
is the case with the vortex near the infinite straight wall in the
Appendix.

In Fig. 11 separate pressure distributions on upper and lower sur-
faces are plotted for the same wing-body combinationas in Fig. 10.
In this example the vortices are put near the wing tips, and we imag-
ine that this wing-body combination is the result of a slender-body
approximationof a delta wing with body and that there are leading-

edge vortices. Their strengths are calculated to fulfill the Kutta con-
dition at the wing tip. The vortices are clearly in the positive force
region of Fig. 6b, which has the same geometry (a =2 andc=1)
as Figs. 10and 11. The %pv - v part, pd¢ /9t part, and total pressure
distributions are plotted in separate figures to clearly show the con-
tributions of both terms. The total pressure distribution of Fig. 11c
shows the familiar picture for the pressure distribution of such a
flowfield. In Figs. 11a and 11b we see that the peaks at the vortex
position are from the %pv -v part and the flat pressure distribution
in between is from the pd¢/dt part. In this case the %pv -v and
pd¢/dt part work in the same direction instead of counteracting.
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Fig. 11 The %pv- v and pd¢/Ot parts of the pressure distributions on upper and lower surfaces fora=2,d=1, p=1,w=25,1=-T), =211.77,

x1=3.63,y1=0.3,x,=—3.63,and y, =0.3.

VII. Conclusions

Zero-force curves have been found for the vortex pair positioned
behind a circular cylinder in oncoming flow or for the vortex pair
above a wing-body combination in upwash. The zero-force curve
behind the cylinder was found to be the same curve on which the
Fopplequilibriumpointsare situated for specific valuesof I'/ V. The
force, however, equals zero everywhere on the curve independent
of I'/ V, even when the flow is nonstationary and when the vortices
are crossing this curve. The force on the contouris in the downwind
direction (vortex drag) when the vortex pair is positionedoutside the
zero-force curve in the first quadrant. Inside this zero-force curve
the vortex pair exerts an upwind force F, on the cylinder (vortex
thrust). This phenomenonmight in the viscousreal world be related
to the lowering in drag at a certain Reynolds number when enough
vorticity is present within a certain area behind the cylinder.

Anexpressionhas beenderived with which the force of a symmet-
ric vortex pair on a symmetric contour, obtained by conformal map-
ping from a simple symmetric vortex pair, can directly be calculated
with the first- and second-orderderivativesof the mapping function.
This expression has been applied to a simple class of wing-body
combinations. Areas of negative lift force have been identified for
these configurations, and the equilibrium curves are shown to be
zero-force curves as well, independent of I /w, so also for non-
stationary flows. The negative force areas are important when de-
signing an aircraft with strakes or forebody vortices over body or
wing areas intended to increase lift. When the vortices are situated
within the negative force area, this leads to an undesired lowering of
lift, which for example might be the explanation for the wing-drop
problem with the F-18E. This problem was solved by influencing
the strake vortices through blowing over the strakes. The knowledge
in this paper might help planning the vortex position above the wing
or body for optimum increased lift and preventing a loss of lift.

Furthermore, it has been found that the force induced by vor-
tices on a contour will generally decrease when enlarging the width
of the contour perpendicular to the direction of that force. This
has a major consequence for the effect of vortices, which are in-
tended to contribute to the lift force of an aircraft. It means that
a vortex with a certain strength above a wing or body and paral-
lel to the aircraft longitudinal axis in a slender-body approximation
produces more lift when the span or body width is reduced. For
aircraft encounteringthe tip vortex of another aircraft, the resulting
force will be larger when the encountering aircraft has a smaller
wing span.

Simple analyticalexpressionshave been derived,using conformal
mapping, for the force of a not necessarily symmetric vortex pair
above a wing-body combinationin a uniformupwash. For flowfields
of aircraft with asymmetric vortices above wing or body, the side
force that occurs will generally be larger than the vortex lift force.
These large side forces are an explanation for the large yawing
moments experienced with asymmetric forebody vortices near the
surfaces of aircraft and missiles.

1% i (D

Fig. A1 Vortex near an infinite straight wall (y = 0).

Finally, it was found that the pressure distribution (and so the
bending moment) on the contour as a result of a symmetric vortex
pair varies with changing speed of the oncoming flow. The resulting
force, however, does not vary and was found to be independent of
the speed of the oncoming flow. The contributionsof the épv -vand
pd¢/dt parts of the unsteady pressure to the force on the contour
have been illustrated.

The preceding findings are for the unsteady, inviscid two-
dimensional slender-body approximated flowfields. The areas with
negative vortex lift, the reduced vortex lift with increasing wing
span, and the large side forces for asymmetric vortex flows are im-
portant effects to be considered when designing an airplane. The
knowledge of the reported unsteady inviscid features could help to
understand the more complex measurements and calculationsof the
real three-dimensionalunsteady viscous flow.

Appendix: Pressure and Force of a Single
Vortex on an Infinite Straight Wall

We consider a vortex near an infinite wall as in Fig. Al. The
potential flow function ¢ of a point (x, y) in the flowfield with
vortex 1 at the coordinates (x;, y,) is described by

¢ = (T /2m)[arctan(y — y1)/(x — x;)
— arctan(y + 1) /(x —x)]+ Vx (A1)

The pressureon the wall is calculated with the unsteady Bernoulli
equation:

1 3
= stant — — v — 00— A2
p = constan 2,01; v—p o (A2)

On the wall (y = 0) we obtain with constant= 1o V?

1
Plpov = constant — 5,01) ‘v

1 ofT y ?
——pV? | = ———— 1V A3
2,0 2|:71 (x —x)2+y? (A3)
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Fig. A2 Pressure distribution on an infinite straight wall from a vortex flow near that wall for x; =0, y; =1, p =1, and I'= 100 for three values of V.

The pd¢/dt part of the pressure equation is determined by the
motion of the vortices, and so we put

dp _ 3¢ dxy
ot ox; dt

The vortex velocity u; = dx; /dt is calculated using the Helmholtz
theorem with the flowfield velocity at its position. The ¢ /dx, factor
is obtained from Eq. (A1) for y =0 on the wall, which yields

P = oL - L AT T (A%)

o ot T o(x —x)*+y

In Fig. A2 the pressure distributions for three cases are plotted.
The total force on the wall is obtained by integrating the pressure,
which of course yields zero for all vortex positions. When alter-
ing the uniform speed V, the separate contributions of the é pv-v
and pd¢ /at parts change. The resulting (total) pressure distribution
on the wall, however, will not be changed. Obviously the pres-
sure distributionis nonvaryingunder a Galilei transform with vary-
ing velocity V. This is not the case for the effect of vortices on
the finite contours in the present paper, in which the total pressure
distribution does change with V, although the total force remains
independentof V.
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